We study the non-Markovianity of the dynamics of open quantum systems focusing on the cases of independent and common environmental interactions.We investigate the degree of non-Markovianity quantified by two distinct measures proposed by Luo, Fu and Song (LFS) and Breuer, Laine and Pillo (BLP). We show that the amount of non-Markovianity, for a single and a pair of qubits, depends on the quantum process, the proposed measure and whether the environmental interaction is collective or independent. In particular, we demonstrate that while the degree of non-Markovianity generally increases with the number of the qubits in the system for independent environments, the same behavior is not always observed for common environments. In the latter case, our analysis suggests that the amount of non-Markovianity could increase or decrease depending on the properties of the considered quantum process.
I. INTRODUCTION
The concept of non-Markovianity is a prominent aspect of the dynamics of open quantum systems and has been attracting both theoretical and experimental attention in the last few years [1, 2] . Moreover, it has been shown that nonMarkovianity can be used as a tool in quantum protocols [4] , can be employed to take advantage in quantum metrology [5] , and can be exploited in quantum key distribution [6] . Further concepts behind the non-Markovian dynamics have also been investigated, for example, the influence of environment size [7] and the possibility to pursue new quantum technologies by using non-Markovian effects [4] . Although all those efforts to understand the connection between non-Markovian dynamics and quantum information theory have been performed, measuring non-Markovianity is complicated and generally only small systems have been considered [8] . However, the real usefulness of a quantum system for computation or simulation is only appreciable in the limit of large-scale information processing. Therefore, it is fundamental to understand the properties of non-Markovianity for multipartite systems.
Recently, various measures for quantifying the degree of non-Markovianity of the dynamics of an open quantum system [9] [10] [11] [12] have been introduced in the literature; however, there is no consensus on what precisely determines the nonMarkovianity of a dynamical quantum process. It has been demonstrated that the conclusions drawn from different measures might not agree depending on the considered physical model. The most widely used measure of non-Markovianity has been introduced by Breuer, Laine and Piilo (BLP) [9] . In their seminal paper, they claimed that information flows only from the system into the environment for a Markovian process and the information flow can be measured by the trace distance of two arbitrary quantum states, which probes the distinguishably between them. To implement this measure, one needs to perform an optimization by checking the dynamics of the trace distance for a huge number of initial sates. Thus, this procedure is very demanding and almost impracticable when dealing with multipartite systems. Moreover, Rivas, Huelga and Plenio (RHP) have constructed a measure of non-Markovianity that quantifies the deviation from divisibility for a dynamical map [10] , which is also difficult to be implemented in general. In order to overcome these difficulties, we use an efficient method to evaluate a measure of non-Markovianity, recently proposed by Luo, Fu, and Song (LFS), based on the non-monotonical behavior of the quantum mutual information for non-Markovian processes [11] . This measure coincides with other important ones such as the BLP measure for quite general cases and can be straightforwardly extended for studying multipartite systems.
When dealing with the interaction between a quantum system and its environment, there are two important physical processes that must be considered: relaxation and decoherence (here called dephasing). While relaxation is associated to a process involving loss of energy, dephasing is associated to the loss of purity without any exchange of energy between the system and its surroundings. In this work, we explore both processes considering the amplitude damping channel to describe dissipative processes, and taking into account two different kinds of interactions to describe phase damping processes, namely a superohmic dephasing channel and the phase damping case employed to describe impurity atoms coupled to a Bose-Einstein condensate. For all different scenarios, we analyze the effect of both independent and common environmental interactions on the behavior of non-Markovianity by investigating two distinct quantifiers of the degree of nonMarkovianity given by the LFS and the BLP measures. For zero temperature environments, we link the LFS measure to the rate of change of the system entropy S(ρ s (t)) and the environment entropy S(ρ e (t)). We show that, for the LFS measure, a quantum process is non-Markovian if the time derivative of S(ρ s (t)) is greater than the time derivative of S(ρ e (t)). We present a detailed analysis of the evaluation of the LFS measure for a single qubit, and discuss the behavior of the optimal initial states as a function of the parameters of the environments. Moreover, we demonstrate that the degree of non-Markovianity, for both proposed measures, increases in general as a function of the number of qubits in the sys-tem for the case of independent environments. On the other hand, for global environments, we show that the amount of non-Markovianity depends on the quantum process and the proposed measure.
The paper is organized as follows. In Section II, we introduce the measures of non-Markovianity that will be used in our investigation. Section III outlines several systemenvironment models describing the dynamics of open quantum systems. Section IV and Section V include our findings related to the behavior of the LFS and BLP measures under the considered models, respectively. Section VI covers the summary of the results obtained in this work.
II. MEASURING NON-MARKOVIANITY

A. LFS MEASURE
The definition of the LFS measure of non-Markovianity [11] is based on the following: suppose that we have a quantum system in a Hilbert space H, and a quantum process Λ(t) governing the dynamical evolution of the considered system. If an arbitrary ancilla system in a Hilbert space H a is introduced, the composite state of the main system and ancilla ρ sa pertains to the Hilbert space H ⊗ H a . In this case, assuming a trivial dynamics on the ancillary, the time evolution of the total system is given by ρ sa (t) = (Λ(t)⊗ I)ρ sa (0), where I is the identity operator acting on the state space of the ancillary. The amount of total correlations in a bipartite state ρ sa can be quantified through the quantum mutual information
where ρ a = tr s ρ sa and ρ s = tr a ρ sa represent the reduced density operators of the system and the ancilla, respectively. S(ρ) = −trρ log 2 ρ is the von Neumann entropy. Exploiting the fact that quantum mutual information decreases monotonically as a function of time for a Markovian process, LFS have proposed a new quantity for measuring the non-Markovianity of the dynamical process Λ(t) from an informational perspective:
where the sup is taken over all possible initial states ρ sa (0). Even though this measure has an interesting meaning for the quantification of non-Markovianity, its evaluation is hard to perform due to the potentially complex optimization problem.
As described in Eq. (2), a dynamical quantum process is said to be non-Markovian if
Note that the ancilla, unlike the system, does not interact with the environment. In other words, the state of the ancilla is time independent. Therefore, the time derivative of the quantum mutual information can be written as
For a zero temperature environment, an interesting result can be obtained from this equation. Since we take ρ sa (0) as a pure state, and the environment starts in the state ρ e (0) = |0 0| for the zero temperature case, the total quantum state composed of the system, the ancilla and the environment is a pure state at any time, leading to S(ρ sa (t)) = S(ρ e (t)). Consequently, following the LFS measure, we obtain a non-Markovianity criterion without the need of an ancilla; therefore, a quantum process is non-Markovian if and only if
This condition links the non-Markovianity measure to the rate of change of the system and the environment entropies.
Nonetheless, some peculiar aspects should be noted: the environment is initially in a pure state by assumption, but no restrictions were imposed to the system. If the system is initially in a pure state as well, we have ρ se pure and therefore S(ρ s (t)) = S(ρ e (t)). Such a result does not mean that the process is actually Markovian because we need to maximize over all possible initial conditions of the system to be able to determine the degree of non-Markovianity. An equivalent equation for Eq. (2) can be deduced without the necessity of an ancilla:
with ∆S se (t) = S(ρ s (t)) − S(ρ e (t)). The advantage of the above equation over Eq. (2) is the fact that the maximization is just over the initial conditions of the system instead of the initial conditions of the composite state of the system and the ancilla, which is required to calculate N (Λ). It is important to emphasize that the time derivative of the entropy is the important quantity for a non-Markovian process. Furthermore, to calculate S(ρ e (t)), we do not need to worry about the state of the environment. The idea here is to maximize N T =0K over all possible initial system states and, for each choice, purify it including an extra subsystem. Because the environment is set in a pure state at t = 0, the entropy of the system plus the purifier subsystem is equal to the entropy of the environment at any time. An important observation that deserves to be mentioned is that, to evaluate Eq. (2) and Eq. (5), it is possible to suppress the calculation of the integrals and time derivatives of the integrands. In fact, it is straightforward to note that we can rewrite the LFS measure as:
To compute this quantity, we first determine the time intervals (a i , b i ) in which the mutual information increases, then we sum up the contribution of each interval to obtain N (Λ).
On the other hand, LFS presented a significant simplification for Eq. (2) in Ref. [11] . Assuming that H a = H and ρ sa (0) = |Ψ Ψ| where |Ψ is any maximally entangled pure state of the system and the ancilla, they obtain an easily computable measure of non-Markovianity:
with ρ sa (t) = (Λ(t) ⊗ I)|Ψ Ψ|. In Appendix A, we explicitly show that N 0 (Λ), despite its utility as a witness for non-Markovianity, may be misleading and give an inaccurate conclusion about the degree of non-Markovianity of a quantum process. Furthermore, we demonstrate that N (Λ) does not depend on the amount of entanglement shared between the system and ancilla because two distinct initial states with the same degree of entanglement can give different results. Actually, the optimal state is not maximally entangled in general.
B. BLP MEASURE
The BLP measure of non-Markovianity [9] employs the trace distance D 12 (t) = 1/2tr|ρ 1 (t) − ρ 2 (t)| between two arbitrary reduced density matrices ρ 1 (t) and ρ 2 (t) in order to check the distinguishably between them. Such reduced density matrices are resulting from the calculation of the partial trace with respect to the environment part of the total density matrix that describes a system coupled to an environment. When dD 12 (t)/dt < 0, the distinguishability between the reduced density matrices decreases and there is a flow of information from the system to the environment. On the other hand, the information flow from the environment back to the system can happen if dD 12 (t)/dt > 0. In such situations, the processes are said to be non-Markovian. Furthermore, the BLP measure of non-Markovianity [9] is mathematically defined as follows:
where the maximum value is taken over all pairs of initial reduced states ρ 1 (0) and ρ 2 (0). It is important to emphasize that to numerically implement this measure, it is necessary to evaluate the dynamics of the trace distance D 12 (t) for a huge number of initial sates which makes this procedure very demanding when dealing with multipartite systems. We note that the above equation can also be rewritten as
where time intervals (a i , b i ) correspond to the regions in which dD 12 (t)/dt > 0 and the maximum value is taken over all pairs of initial reduced states ρ 1 (0) and ρ 2 (0).
III. OPEN SYSTEM DYNAMICS
A. Phase Damping Channel
We consider a spin-boson type Hamiltonian H IP D that describes a pure dephasing type of interaction between a qubit and a bosonic environment:
where the first and the second terms of Eq. (10) are responsible for the free evolution of the qubit and the environment, respectively. The third term of Eq. (10) accounts for the interaction between the qubit and its environment. We first note that [H, σ z ] = 0, which immediately implies the absence of transitions between different energy levels. Thus, the population terms in the density matrix of the system are conserved quantities. Here, ω 0 is the transition frequency of the qubit and ω k is the field frequency of the k-th environmental field mode. The constant g k controls the strength of the coupling between the qubit and each field mode of the environment. While the qubit operator is given by the usual Pauli σ z matrix, the creation operator a k and the annihilation operator a †
It is worth to stress that this qubit plus environment model admits an exact solution [13] . We assume that the composite state of the qubit and the environment are initially factorized, that is, there exist no correlations between the system and the environment at t = 0; furthermore, the environment is initially in its vacuum state ρ e (0) = |0 0| at zero temperature. We consider a sufficiently large environment; therefore, we can replace the sum over the discrete coupling constants by an integral over a continuous distribution of frequencies of the environmental modes, i.e.,
In addition, we suppose that the spectral density of the environmental modes is Ohmic-like
with ω c being the cut-off frequency and η a dimensionless coupling constant. Depending on the parameter s, the spectral density is called subohmic (s < 1), ohmic (s = 1) or superohmic (s > 1). Under these conditions, the dynamics of a single qubit can be obtained in the operator-sum representation as
where the Kraus operators K i (t) are given by
for all values of t, where I denotes the 2 × 2 identity matrix. Here, the dephasing parameter r(t) is
where the dephasing rate γ(t) takes the form
with Γ(s) being the Euler gamma function.
B. Amplitude Damping Channel
In order to discuss the relaxation process, we consider the following model Hamiltonian
where B = k g k a k with g k being the coupling constant. The first two terms of Eq. (16) describe the free evolution of the qubit and the environment, respectively, while the third term accounts for the interaction between the qubit and the environment. The transition frequency of the qubit is ω 0 , and σ ± denotes the raising and lowering operators related to the qubit. The index k is used to label the different environmental field modes with frequencies ω k , which are mathematically described by the annihilation and creation operators given by a k and a † k , respectively. Restricting ourselves to the case of a single excitation, the modes of the environment can be described by an effective spectral density of the form
where λ defines the spectral width of the coupling and it is also connected to the correlation time of the environment τ B by the relation τ B ≈ 1/λ. γ 0 is the time scale τ R over which the state of the system changes by τ R ≈ 1/γ 0 . For this form of a spectral density, it is not hard to distinguish the weak and the strong coupling regimes. The case τ R > 2τ B corresponds to the weak coupling regime where the decoherence process is Markovian because the relaxation time is greater than the correlation time of the environment. On the other hand, the case τ R < 2τ B corresponds to the strong coupling regime where the non-Markovian nature of the environment becomes evident. We note that at zero temperature this Hamiltonian with the considered spectral density (known as the damped Jaynes-Cummings model in the literature) represents one of the few exactly solvable models for open quantum systems. In the strong coupling regime, the time evolution of a single qubit can be expressed in the operator-sum representation as
where the corresponding Kraus operators M i (t) are given by
satisfying the condition
with d = 2γ 0 λ − λ 2 .
C. Impurity Atoms Coupled to a Bose-Einstein Condensate
The third model considered in this work deals with two atoms interacting with an ultracold bosonic Rubidium gas in a Bose-Einstein condensate (BEC) state [3, 14] . Here, the qubit is represented by an impurity atom in a double-well potential of an optical superlattice of wavelength λ, where the size of the qubit is the distance between the lattice sites, L = λ/4. The superlattice is immersed in the BEC environment, where the Rubidium gas is assumed to be in the weak coupling regime, justifying the validity of Bogoliubov approach. For more details on the model, see Ref. [3, 14] .
In Ref. [3] , the authors studied the non-Markovianity of this model under the point of view of the BLP and RHP measures, and they showed that it is possible to tune from a common environment to an independent one by adjusting the spatial separation of the qubits. Moreover, the authors observed that whereas the BLP measure is super-additive when the qubits are very close to each other (common environment regime), it is sub-additive when the qubits are sufficiently far enough from each other (independent environment regime).
The dynamics of the model is given by a Lindblad-type master equation with time-dependent decay rates [3, 14] 
where σ (n) z is the usual Pauli matrix for the n-th atom (n = 1, 2), and
where
IV. DEGREE OF NON-MARKOVIANITY: LFS MEASURE
A. Single qubit
Before starting to elucidate the properties of the LFS measure for multipartite systems at zero temperature, we consider the case of a single qubit system. In this case, the maximization in Eq. (5) can be numerically evaluated because the general form of the density matrix ρ s (0) depends just on three real variables. Explicitly,
For both dephasing processes, our numerical analysis show that the maximum in Eq. (2) is reached for a maximally mixed initial state. In other words, the optimal state of the composite system ρ sa (0) is maximally entangled, justifying the simplification proposed by LFS, as described in Eq. (7). However, contrarily to what one might expect, the maximum value in Eq. (2) for the relaxation process is obtained for a diagonal initial state whose system plus ancilla density matrix is not maximally entangled.
As suggested by our numerical investigation, we first set zero the off-diagonal elements of the density matrix, i.e. ρ 12 (0) = ρ 21 (0) = 0. In Fig. (1-a) and Fig. (1-c) we plot the possible values of the degree of non-Markovianity quantified by the LFS measure N (Λ) for the superohmic PD channel with s = 3, w c = 1 and η = 2, and for the BEC environment with σ = 45 nm, respectively, as a function of the density matrix population ρ 11 (0). As can be seen from the Fig.  (1-a) and Fig. (1-c) , the LFS measure corresponds to having ρ 11 (0) = 0.5, implying that the optimal initial composite state is maximally entangled. On the other hand, Fig. (1-b) presents the results of the same analysis performed for the AD channel with γ 0 = 1 and λ = 0.1. It is shown that the LFS measure is obtained for ρ 11 (0) ≈ 0.4, meaning the optimal composite state is not maximally entangled in this case. In particular, such a result points out that the LFS measure does not generally depend on the initial entanglement between the system and the ancilla.
Another interesting point is related to the dependence of the optimal initial state of the system on the parameters of the considered environmental model. In Fig. (2-a) , Fig. (2-b) and Fig. (2-c) we plot the density matrix element ρ 11 (0) of the optimal initial state for the superohmic PD channel, AD channel, and the BEC environment, respectively, as a function of the bath parameters ω c , λ, and σ. The results of this analysis demonstrate an important point, that is, whereas the optimal initial state for the superohmic PD channel and the BEC environment do not depend on the bath parameters ω c and σ, the AD channel is highly sensitive to the bath parameter λ. In fact, we have found that as the parameter λ gets smaller, the optimal state tends to be a maximally mixed one. 
FIG. 2:
The density matrix element ρ 11 (0) of the optimal initial state of a single qubit system as a function of the bath parameters for (a) the superohmic dephasing process with s = 3 and η = 2, for (b) the relaxation process, and for (c) an impurity atom coupled to a BEC environment.
B. Multi-Qubit: Independent Environments
In this section, we apply the LFS measure to the multipartite case taking into account only independent environments. First of all, we consider a quantum state which is composed of a system of n qubits and an ancilla that purifies the system state. Assuming that only n qubits are subjected to the environmental noise, and the ancillary system evolves freely, the dynamics of the composite system ρ sa (t) can be obtained, for the AD and superohmic PD channels, as
where E i are the Kraus operators describing the AD or superohmic PD channels for a single qubit, n is the number of qubits, I denotes the identity matrix with dimensions of the ancillary system, and the sum over the index i = {1, 2} runs over all possible permutations of the Kraus operators E ⊗n i . For the case of n atoms independently coupled to a BEC environment, on the other hand, we evaluate the dynamics numerically extending Eq. (21) under the assumption that D/L → ∞ in Eq. (23). In this situation, since the dynamics of each atom are independent of each other, it is straightforward to consider more than two atoms.
Performing the optimization required for the calculation of the LFS measure N (Λ) becomes a very difficult task for a system of two or more qubits due to the significantly increasing number of variables involved in such cases. To overcome this difficulty, we limit our study to diagonal product initial states of the form ρ s (0) ⊗n for multipartite systems. Indeed, this is a reasonable choice given the results acquired for the case of a single qubit. Moreover, by using such diagonal states we are able to obtain a lower bound for the degree of nonMarkovianity of a quantum process. While we plot the LFS measure as a function of the number of qubits for superohmic dephasing environments with s = 3, w c = 1 and η = 2 in Fig. (3-a) , similar results are displayed for the relaxation process with γ 0 = 1 and λ = 0.1 in Fig. (3-b) and for the BEC environment with σ = 45 nm in Fig. (3-c) . These figures indicate a linear increase in the degree of non-Markovianity for the considered initial states, which proves that, for independent environments, the LFS measure is at least additive, i.e.,
This peculiar behavior of the LFS measure, despite nonintuitive, is simple to be understood in this context because both the system and the environment entropies are additive quantities when independent environments are considered.
C. Two-Qubit: Common Environment
In this section, we turn our attention to the behavior of nonMarkovianity when the system is globally interacting with a common environment. Due to the difficulty of calculating the dynamics for many qubits considering their interaction with a common environment, we restrict our analysis to only two qubits. However, the analysis of the two-qubit case is still interesting to infer the main characteristics of the degree of non-Markovianity as a function of the system scale. We first consider the case where both qubits are coupled to a common dephasing bath described by the following Hamiltonian
where the index n denotes the terms related to the first (n = 1) and second (n = 2) qubit. We also only consider diagonal two-qubit initial states to evaluate the degree of nonMarkovianity measured by the LFS measure. The results of our analysis suggest that the LFS measure N (Λ) suffers a very significant decay as compared to the single qubit case, having a value of the order of 10 −7 . Note that such a finding is clearly different from what is observed for independent environments, where the degree of non-Markovianity increases at least linearly.
Next, we focus on the scenario where a system of two qubits globally interact with a common relaxation environment:
(27) In this case our investigation reveals that, by assuming diagonal initial states, the degree of non-Markovianity is significantly amplified when compared to the single qubit case, approximately turning out to be N (Λ) ≈ 6.21. Interestingly, among the two-qubit diagonal states that we have considered, the optimal one is always the maximally mixed state, independently of the bath parameters. Such a finding is rather surprising because the optimal initial state is strongly dependent on the parameters of the environment for the single qubit case.
Comparing the results obtained for the superohmic dephasing process with those obtained for the relaxation process, one could believe that while the degree of non-Markovianity increases for relaxation processes, it decreases for dephasing processes, as compared to the single qubit case. However, as shown below, this is not generally true. Although the situation where two impurity atoms are coupled to a BEC environment does not involve any energy exchange between the system and its surroundings, the degree of non-Markovianity still increases when compared to the case of a single qubit. In order to demonstrate this behavior, we first note that N (Λ) ≈ 0.0055 for a single qubit. Next, we calculate the degree of non-Markovianity for two qubits by taking the distance between the pair of impurity atoms in Eq. (23) as D = 600 nm. In this case, BEC environment interacts collectively with the pair of impurity atoms and we find N (Λ) ≈ 0.0260. This result corroborates with those obtained in Ref. [3] , where the degree of non-Markovianity is studied considering the BLP measure. In fact, such an outcome suggests that the amount of non-Markovianity is not only connected to the exchange of energy between the system and environment but also intimately related to the spectral density of the reservoir modes and the dynamics of the coherence terms.
V. DEGREE OF NON-MARKOVIANITY: BLP MEASURE
In this section, we aim to study the degree of nonMarkovianity quantified by the BLP measure. Since this measure has been broadly studied in the literature, we repeat some of the earlier results [2, 3, 9] here for the purpose of completeness of our work. Given the difficulty of calculating the BLP measure even numerically, we avoid the analysis of multiqubit systems and focus on the cases of having one-and twoqubits systems separately.
A. Single Qubit
We begin our investigation by examining a single qubit system interacting with a reservoir. This problem has been first addressed in Ref. [15] for the dephasing process, in Ref. [9] for the relaxation process, and in Ref. [2, 3] for the case of impurity atoms coupled to a BEC environment. We maintain the same parameters that we have used in the previous sections, i.e., s = 3, ω c = 1, and η = 2 for the superohmic dephasing channel, γ 0 = 1 and λ = 0.1 for the amplitude damping channel, and σ = 45 nm for impurity atoms coupled to a BEC environment. The results for the BLP measure for a single-qubit considering different types of quantum processes are displayed in Table 1 . These results will be useful in order to understand the BLP measure for a pair of qubits, as discussed bellow. 
QUANTUM PROCESS
B. Two-Qubit: Independent Environments
In this section, we employ the BLP measure to study the degree of non-Markovianity for two qubits that are independently interacting with uncorrelated environments. As already discussed in section IV.B, the amount of non-Markovianity quantified by the LFS measure increases at least linearly due to the additivity of the von-Neumann entropy. Following the same reasoning, our goal is to comprehend the degree of nonMarkovianity quantified by the BLP measure for a system of two qubits. In Table 2 , we present the results of our analysis for the superohmic dephasing process, the relaxation process, and for impurity atoms coupled to a BEC environment.
By comparing Table 1 and Table 2 , we observe that the behavior of the degree of non-Markovianity, for independent environments, depends on the quantum process. For the case of BEC environments, the BLP measure is approximately 0.0019 for one qubit, and 0.0038 for two qubits subjected to independent environments. As already shown in Ref. [3] , the degree of non-Markovianity for this process is sub-additive. Indeed, the BLP measure also turns out to be sub-additive for independent relaxation environments. Furthermore, we emphasize that the outcomes of our analysis for the BLP measure do not generally agree with the results obtained for the LFS measure concerning the degree of non-Markovianity for a single and a pair of qubits. This feature is highlighted when we analyze the superohmic dephasing process. If we compare the single qubit case to the two qubits case subjected to independent superohmic dephasing environments, our numerical analysis points out an interesting result: the BLP measure remains constant for both cases. This result was verified by means of an exhaustive numerical analysis where we considered 10 6 pairs of initial conditions encompassing both pure and mixed states. To understand the difference between both processes, we need to make a detailed analysis about the dynamics for oneand two-qubits subjected to independent environments. For one qubit, the pair of states that maximize Eq. (8) is given by ρ 1 (0) = |+ and ρ 2 (0) = |− [2] , where |+ and |− are the eigenvectors of σ x Pauli matrix. In Fig. 4 we plot the density matrix coherence as a function of time, when the initial state is given by ρ 1 (0) and the quantum state is subjected to superohmic dephasing process (a) and to BEC environment (b). For both cases, we see that N BLP is exactly given by 2∆, where ∆ is the amount of recoherence.
QUANTUM PROCESS
For two qubits subjected to superohmic independent environments, our numerical analysis show that the pair of states that maximize Eq. (8) behavior is related to a different pair of initial condition whose amount of recoherence is greater,
Thus, the amount of recoherence given by the element ρ 23 is greater than the amount of recoherence given by the element ρ 34 and consequently the BLP measure for the BEC model is bigger than the BLP measure for the superohmic dephasing model.
C. Two-Qubit: Common Environment
We explore the situation where two qubits are collectively interacting with a common environment. We once again consider the superohmic dephasing and the relaxation processes supposing a totally correlated environment, and the case of two qubits coupled to a BEC assuming that the distance between the pair of impurity atoms to be equal to D = 600 nm. In such a configuration, the BEC interacts with the two qubits with a higher degree of correlation and thus we practically simulate a common environment. In Table 3 , we display the results obtained for all three quantum processes. Taking into account the values displayed in Table 1 and Table 3 , we see that non-Markovianity quantified by the BLP measure decreases for the superohmic dephasing process when compared to the single qubit case. On the other hand, the BLP measure increases for both relaxation process and the case of impurity atoms coupled to a BEC environment.
QUANTUM PROCESS
Particularly, the BLP measure is super-additive for these two processes. In fact, such findings confirm that the amount of non-Markovianity is not only related to the exchange of energy between the system and the environment but also fundamentally connected to the spectral density of the reservoir modes and the dynamics of the coherence terms.
VI. SUMMARY
We study the degree of non-Markovianity of independent and common dephasing and relaxation processes for a single and a pair of qubits. Whereas we utilize the amplitude damping channel to represent dissipative processes, we consider the superohmic dephasing channel and the case of impurity atoms interacting with a BEC environment to describe phase damping processes. We develop our investigation by analyzing two conceptually different measures of non-Markovianity, a recently introduced quantity called the LFS measure, and the well known BLP measure.
Considering zero temperature environments, we show that no ancillary system is required to evaluate the degree of nonMarkovianity quantified by the LFS measure since the quantity N (Λ) can be directly calculated by the difference of the time derivatives of the system and the environment entropies. Such a simplification provides an efficient method for calculating the degree of non-Markovianity due to the fact that the Hilbert space, where the maximization is evaluated, does not include an additional ancillary system. We provide an extensive analysis of the LFS measure for a single qubit and determine the optimal initial states of the system required for the evaluation of this particular measure, as a function of the parameters of the environment.
When it comes to the degree of non-Markovianity for independent environmental interactions, we demonstrate that the LFS measure might indeed increase with the number of the qubits in the system for all considered quantum processes. In particular, we obtain a lower bound to the LFS measure for multipartite systems, namely N (Λ ⊗n ) ≥ n[N (Λ)] which implies that the LFS measure is at least additive. On the other hand, we have found the BLP measure to be sub-additive for the relaxation process and impurity atoms coupled to a BEC environment. More interestingly, for the superohmic dephasing process, our numerical analysis suggests that the BLP measure remains invariant, independent of whether we consider a system consisting of one qubit or two qubits.
Furthermore, we examine the behavior of nonMarkovianity for a system of two qubits interacting with a common reservoir. In this scenario, the LFS and BLP measures agree on the general behavior of non-Markovianity. Particularly, the degree of non-Markovianity for the relaxation process is found to be super-additive for both of the measures. However, for a common environmental interaction, depending on the considered quantum process, the amount of non-Markovianity can be amplified or diminished as compared to the case of a single qubit. In fact, although the superohmic dephasing process and the case of impurity atoms coupled to a BEC environment do not involve any exchange of energy between the system and its surroundings, both LFS and BLP measures indicate that the degree of non-Markovianity is fundamentally different for these two processes. That is, while the degree of non-Markovianity for two impurity atoms coupled to a BEC environment is super-additive, the amount of non-Markovianity for the superohmic process decreases very significantly when compared to a single qubit. Indeed, such an outcome points out to the fact that the degree of non-Markovianity is significantly dependent on the spectral density of the reservoir modes and dynamics of the coherence terms. We compare the results obtained for the LFS measure N (Λ) and its simplified version N 0 (Λ) for multipartite systems, considering independent environments. While the former involves a difficult maximization over all possible initial states, the latter can be directly calculated choosing a specific initial state, which we choose as a GHZ type state. Due to this restriction, it is clear that N 0 (Λ) underestimates the degree of non-Markovianity, and consequently N 0 (Λ) ≤ N (Λ). In Fig. (5-a) we plot the logarithm of the simplified LFS measure, ln(N 0 (Λ)), as a function of the number of qubits for the superohmic dephasing process with s = 3, w c = 1 and η = 2. It can be observed that the degree of non-Markovianity measured by N 0 (Λ) decays exponentially as a function of the number of qubits. Furthermore, we see that even for very small systems (two qubits), the degree of non-Markovianity diminishes very significantly. In Fig. (5-b) we make the same analysis for the relaxation process considering the parameters γ 0 = 1 and λ = 0.1. Our findings demonstrate that, unlike in the case of superohmic dephasing, the simplified LFS measure N 0 (Λ) might increase for the relaxation process. As a result, comparing Fig. (5-a) and Fig. (5-b) to Fig. (3-a) and Fig. (3-b) , we conclude that N 0 (Λ) might be a misleading quantity for determining the degree of non-Markovianity, despite the fact that it is an easily computable witness of non-Markovianity.
